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Abstract. A new type of knot energy is presented via real life experiments 
involving a thin resilient metallic tube. Knotted in different ways, the device me- 
chanically acquires a uniquely determined (up to isometry) normal form at least 
when the original knot diagram has a small number of crossings, thus outper- 
forming the famous Mobius energy due to Jun O'Hara and studied by Michael 
Preedman et al. Various properties of the device are described (under certain 
conditions it does the Reidemeister and Markov moves, it beautifully performs the 
Whitney trick by uniformizing its own local curvature). If the device is constrained 
between two parallel planes (e.g. glass panes), it yields a real life model of a flat 
knot (class of knot diagrams equivalent under Reidemeister 0,2 and moves) also 
leading to uniquely determined " fiat normal forms" (for a small number of crossing 
points of the given flat knot diagram) . The paper concludes with two mathematical 
theorems, one reducing the knot recognition problem to the flat knot recognition 
problem, the other (due to S.V.Matvccv) giving an easily computable complete 
system of invariants for the flat unknot knot equivalence problem. 

In one of his lectures, Vladimir Arnold declared that "mathematics is 
that part of physics where experiments are cheap" . The present paper is an 
illustration of this thesis. 

Accordingly, the paper begins (Sec.l) with a description of our "cheap 
experiments", which are performed with a thin flexible but resilient wire. 
This wire can be knotted and placed on a horizontal table, and in all the 
experiments it moves in a very specific way, sometimes sliding along the table 
top, sometimes jumping up in the air, and reaches an equilibrium position, 
which we call the mechanical normal form of the knot. Surprisingly, the 
experiments show that, for a small number of crossings of the initial knot 
diagram, the normal form is always unique up to isometry. In this situation, 
it turns out that our simple device performs much better than the celebrated 
Mobius energy models [1], [2] in computer simulations (see, e.g. [3] or [4]). 
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In Sec. 2, we discuss possible idealizations of our physical model of fat 
knots and define what we call the s- normal form of a classical knot, where 
s > is a very small parameter and the knot is understood as a smooth 
curve rather than a "fat knot" or a tube. 

In Sec. 3, we describe the situations in which our device jumps off the 
table in terms of the Whitney index (winding number) of plane curves. 

In Sec. 4, we analyze the passage to the normal form and note that our 
clever device can perform all the Reidcmcistcr moves [5, p. 11], the Markov 
moves [5, p. 60], and the Whitney trick [6, p. 17] in a very impressive way. 

In Sec. 5, we discuss the nonuniqueness of normal forms and present con- 
jectural candidates for counterexamples to uniqueness. 

In Sec. 6, we consider flat knots (i.e. knots lying on the plane except in 
the vicinity of crossing points, where they rise a bit above the plane, elim- 
inating the self-intersections of the vertical projection). Flat knots may be 
regarded as purely mathematical objects, we discuss three of their invariants 
and reduce the verification of the equivalence of knot diagrams (as curves 
in space) to the verification of "fiat equivalence" of flat knots (plane curves 
with underpass-overpass information). 

In the concluding Sec. 7, we (very optimistically) analyze the perspectives 
of this research, asserting that an energy functional may be devised to mimic 
our mechanical device, and this will allow us to continue our experiments 
electronically (still very cheap!). We conjecture that our approach will yield 
a fast algorithm for comparing knots with a small number of crossings pre- 
sented by their diagrams. Further, we claim that our notion of s-normal form 
allows to define new knot energies (not necessarily mimicking our device) and 
involving, perhaps, the twisting number, and/or the torsion of the smooth 
curve defining the knot, as well as other characteristics of the knot. 

1. The mechanical model 

Our mechanical model of fat knots is constructed from a flexible but re- 
silient hollow rectilinear metallic cylinder of length 50 cm and diameter 2mm. 
If one bends the cylinder and places it on a table, it straightens out almost in- 
stantly (after some oscilliations) and reacquires its original rectilinear shape; 
if one bends it so that several loops are formed and the cylinder is released, 
it will jump up shghtly off the table and straighten out as it falls back on the 
table again, having reacquired its rectilinear form. We can say that, when re- 
leased, it minimizes its total curvature as well as its curvature at each point, 
almost instantly making the curvature equal to zero everywhere. 
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One extremity of the cylinder ends in a spike which fits snugly into the 
hollow at the other extremity, so that one can bend it, forming a plane closed 
Jordan curve; if released, it then forms a perfectly round circle lying on the 
table. One can also bend it into a nontrivial knot diagram; placed on the 
table, the mechanical knot immediately changes shape (sometimes sliding 
along the table, sometimes first jumping vertically up) and stabilizes in a 
position that we call its mechanical normal form. In this form, our device 
lies flat on the table, only rising above it by 4 mm at the overpasses. We say 
that the knot is almost planar or flat. 



How unique is this normal form? Having performed thousands of experi- 
ments in which we tied the cylinder into different knots (with a small number 
of crossings), we obtained the following amazing result. 



Observation 1. If our mechanical knot initially forms a knot diagram 
with seven crossings or less of a prime knot, then it automatically acquires 



Figure 1 . Mechanical normal forms of prime knots with 7 crossings or less 

a unique {up to isometry) mechanical normal form. These normal forms, 
which are almost planar, are shown in Figure 1 . 

All knots with crossing number less than 8 are alternating. Note that 
amphichieral knots (i.e., knots isotopic to their mirror image, e.g. the 4i 
knot) actually have two mechanical normal forms, but they are isometric; we 
show only one of these forms. Also, as is customary for knot tables, only 
one of each pair of nonisotopic mirror symmetric alternating knots (chieral 
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knots) is shown in our tabic (e.g. only one trefoil, 3i). 

The reader should not misunderstand the meaning of Observation 1: it 
claims that whenever we started from a knot diagram with seven crossings 
or less of a prime knot, our mechanical knot acquired the shape of exactly 
one of the forms shown in Fig.l. It does not claim, however, that if we start 
with a knot diagram with, say, seventeen crossings, of one of the prime knots 
appearing in the knot table with seven crossings or less, then its mechanical 
normal form will be one of those shown in Figure 1. This is because, first of 
all, the parameters of our mechanical model (ratio d/L of diameter to length) 
do not allow us, in practice, to position the device into any knot diagram 
with seventeen crossings (it is hard enough to do it with seven and sometimes 
even with six crossings) and, second, because, it is apparently not true (for 
an idealization of our model with much smaller ratio d/L) that the normal 
form is unique even for trivial knot diagrams with a very large number of 
crossings. See the discussion in Sec. 4 and Conjecture 2 below. 

Let us note at once that, for a small number of crossings, our mechanical 
knot outperforms the computer simulation models of knots supplied with an 
energy functional (see the papers [6], [7]. [8], [9] and the book [1]). Thus, the 
most popular of the knot energies, Mobius energy (invented by Jun O'Hara 
[9] and studied by Michael Preedman with co-authors [1], [10]) gives two 
completely different normal forms for the eight knot 4i (shown in Figure 2), 
whereas our little device, no matter what initial shape of the eight knot we 
use (including the two shown in Figure 2; note that these knots are not flat 
at all), immediately takes the shape of the normal form 4i shown in Figure 
1; if positioned as the second of the diagrams in Fig. 2, it smoothly moves to 
that normal form, while starting from the first diagram, it first jumps up in 
the air and acquires that normal form before flopping back on the table. 



The reasons for which our mechanical knot sometimes jumps and some- 
times only slides are related to Whitney's winding number of plane curves 




Figure 2. Mobius energy normal forms of the eight knot 
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and are discussed below (see Sec. 3). 

2. The idealized models 

We mentioned ideal versions of our mechanical model above in connection 
with the question of uniqueness. Here we note that in ideal versions of the 
model, it should be required that there be no friction preventing the sliding 
of one branch of the fat knot along another branch, and that the weight of 
the mechanism be negligible as compared with its resilience (internal energy) . 
In practice, this is not always so: in some cases the surface of the fat knot 
is not smooth enough for frictionless sliding, and it sometimes requires a 
little "prompting" by the experimenter to achieve the normal form; further, 
for longer mechanical knots (we tested one with L = 70 cm, d = 2 mm), 
the weight of the mechanical knot (with few crossings in its initial position) 
was sometimes too much for the resilient force of the gadget, which failed to 
jump off the table and acquire the expected normal form (unlike a similarly 
knotted shorter fat knot). 

Note that in the idealized versions the ratio s := d/L must be very small 
but positive, and the normal forms depend (up to homothety) on that ratio, so 
that for idealized mechanical knots we should speak of mechanical s-normal 
forms. This leads us to the following definition. Let X be a smooth knot 
of length L in R^, let T be its tubular neighborhood of cross-section radius 
d/2; position a mechanical knot so as to make it isometric to the tube T and 
release it; suppose it acquires the normal form Tq, and denote by Kq the core 
(central curve) of Tq: then Kq is called the s-normal form of the knot K. 

Of course this is not a mathematical definition, since the key ingredient 
is an unformalized physical process, but it differs to the previously defined 
normal form in that it refers to classical knots (rather than fat knots) and is 
itself a classical knot. To transform this definition into a rigorous mathemat- 
ical one, we should replace the mechanical device by an electronic one - a 
smooth knot supplied with an appropriate energy functional (depending on 
s), and define the s-normal form(s) of the knot as its positions minimizing 
this functional. Such energy functionals are discussed in Sec. 7 below. 

3. The Whitney index and jumps 

Recall that the winding number (or Whitney index) w{C) of a smooth 
regular curve C in the plane is the number of revolutions that its tangent 
vector performs when we go around the curve. To every initial position M 
of our mechanical knot on the table, we can associate a smooth planar curve 
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Cm, the projection of the smooth curve in space constituting the core (cen- 
tral curve) of M onto the plane of the table. Without loss of generality, this 
projection can be assumed to be a smooth immersion (it differs from the cor- 
responding knot diagram in that the crossing points with under/overpasses 
are replaced by transversal self-intersections). 

Then the winding number w{Cm) will be called the winding number of 
the mechanical knot M. Numerous experiments with our device led to the 
following conclusion. 

Observation 2. As a rule, when the device jumps off tlie table, a cliange 
in the winding number occurs. If one free loop disappears (Reidemeister 
fli), causing the device to jump off the table to acquire its normal form, 
the winding number changes by +1 or -Idepending on the orientation of 
the disappearing loop. However, a change in the winding number is not 
a necessary condition for jumping. For example, the trivial knot with two 
crossing points that consists of two oppositely oriented little loops will jump 
up of the table although its winding number will remain equal to +1. 

4. Local moves of mechanical knots 

In observing the evolution of the shape of mechanical knots, we were able 
to notice that the device actually performs certain local moves well known in 
classical knot theory. In particular, mechanical knots can (under appropriate 
"boundary conditions" ) : 

• perform the first Reidemeister move Qi in both directions; we have 
already seen that our device immediately gets rid of little loops, but it can 

also create a loop: if wc take the round unknot and move together two points 
of the knot, at some moment the knot "flips", forming a loop (Figure 3); 




Figure 3. "Reidemeister move" forming a little loop 
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• perform the second Reidemeister move Q2 in both directions (Figure 
4); note that the boundary conditions for the simphfying move (in which 
two crossing points disappear) are not the same as those for the move 
which creates two new crossing points; in the second case the "boundary 
points" A and B are fixed, in the first one they are allowed to shde, but 
along fixed directions; wc also note that, under certain conditions, the choice 
of the branch of the knot that passes over the other in the move Q2 ^'^^ 
predetermined (in a sense, it must be considered random), although under 
other conditions the global configuration of the knot determines which of the 
branches overpasses; 




Figure 4. The second Reidemeister move destroying crossing points 

• perform the second Reidemeister move fl2 (Figure 5); here the "bound- 
ary points" must be allowed to slide in the directions indicated. 




Figure 5. The second Reidemeister move creating crossing points 



• perform the third Reidemeister move Q3 (Figure 6); here the "boundary 
points" must be allowed to slide in the directions indicated. 

Note that, although our mechanical knot can do the moves fli and Q2 
in both directions, it "prefers" performing them in the simplifying directions 
(decreasing the number of crossing points), because the appropriate boundary 
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Figure 6. The third Reidemeister move 

conditions for these moves occur "much more often" than those creating new 
crossing points. 

It should also be noted that the Reidemeister moves as performed by 
our mechanical knot look like the corresponding local moves, but actually 
are not, rigorously speaking, local. Indeed, when the moves, say, Vlf are 
performed, the device slides back and forth past the boundary points, thus 
modifying the global shape of the knot. What is important, however, is not 
how strictly local the moves are, but what they actually do, namely, in the 
case of ^2 ) they remove an overlap or add an overlap. 

The mechanical knot can also do the Markov moves, but we have ob- 
served such moves only in one direction. Recall that the Markov moves are 
performed on knots (or links) presented as the closure of a braid; denoting 
the braid group on n strands by Bn and by bi, . . . ,bn-i its standard Artin 
generators, the first move, called stabilization, has the form 

b i — )■ 66^\ where b e 

(note that here bn is a generator of Bn+i and does not belong to Bn), while 
the second move is just conjugation, 

b < — > a~^ba, where a, 6 e Bn- 

To perform Markov moves, wc used an "almost planar" version of our 
device that we call a flat knot. More precisely, by a flat mechanical knot 
we mean the set of different positions of our device placed on the table but 
constrained from above by a glass pane secured just above the table top 
and parallel to it; for a mechanical knot of diameter d = 2mm, the distance 
between the glass pane and the table was just over 6mm, thus allowing a 
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branch of the knot to move over a crossing (as in an O3 move), but not 
allowing it to jump up and destroy little loops. This device was able to 

• perform the first Markov move from right to left, i.e., bb^^ — > b; 
actually this is just another instance of removing a little loop (Figure 7). 




Figure 7. First Markov move (destabilization) 

• perform the second Maxkov move from right to left, i.e., a~^ba — > b; 
this move is quite spectacular: the braids a~^, a, b begin stretching along 
the parallel strands of the closure until meets a and they cancel each 
other (as in the ^2 niove), while b continues stretching until it is uniformly 
distributed along the knot (Figure 8). 




Figure 8. Second Markov move (deconjugation) 
Note that in the example shown in the figure, the evolution of the knot 
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does not end there, and in a second phase of the evolution, when the con- 
straining glass pane is removed, the knot eventually acquires the normal form 
4i shown in Figure 1. 

One of the really remarkable properties of our clever little device is that 
it can perform the Whitney trick (see e.g. [6], p. 17), i.e., mutually destroy 
two successive little loops as shown in Figure 8 simply by locally minimizing 
its curvature. 




Figure 8. The Whitney trick 



It should be understood that, in the process depicted in the figure, here 
again the device was constrained from above by a pane of glass placed just 
above the table and parallel to it (otherwise the loops would have forced 
the knot to jump up off the table and each would have self-annihilated itself 
independently of the other one). 

Remark. The simplest nontrivial knot, the trefoil, can be presented by a 
smooth curve of total curvature 47r. A beautiful theorem due to John Milnor 
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[11] says that a smooth curve in with total curvature less than An is un- 
knotted. There is no hope, however, that total curvature could be a measure 
of the "complexity" of knots (like their crossing number), because for any 
positive e, however small, one can easily construct a knot as complicated as 
we like (e.g. having a crossing number greater than any apriori given number) 
of total curvature less than An + e. Nevertheless, one might conjecture that 
total curvature together with some other differential-geometric or topological 
characteristics of smooth curves might provide a measure of complexity. In 
this connection, see the discussion in §7. 

5. Nonuniqueness of normal forms 

Experimenting with our mechanical device (of diameter to length ratio 
s — d/L = 0.004), we were unable to find any knots that have more than one 
mechanical normal form, and we claim that no such knots (with 7 crossings 
or less) exist. However, we believe that uniqueness of mechanical normal 
forms holds only for a small number of crossing points (less than 30, less 
than 20?). More specifically, having in mind ideahzed mechanical models 
with tiny values of s = d/L, we conjecture the following. 

Conjecture 1. For any no > 0, there exists a sufRciently small s > 
such that the unknot has an s-mechanical normal form with n> Uq crossing 
points. 

Recall that for Mobius energy, the unknot has only one normal form 
(energy minimum), namely the round circle [3]. 

Conjecture 2. For any sufRciently large Uq > 0, there exists a positive 
s and a nontrivial knot with crossing number n greater than Uq which has 
more than one s-normal form. 

Examples justifying both of these two conjectures can be constructed by 
the same method: it can be shown that certain different braids have the same 
closure, but the isotopy equivalence of these closures involves Markov moves 
that increase as well as decrease the length of the braid, whereas our device 
can only do the simplifying Markov moves. 

In order to construct such examples, and verify their validity, we need 
to be able to work with highly idealized mechanical models with tiny values 
of the parameter s, and this can only be done by computer simulation after 
an appropriate energy functional (imitating the resilience of our device) has 
been found. 
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§6. Flat knots 

Flat mechanical knots were described in the previous section. Numerous 
experiments of the following type were performed with them: the device 
was knotted (i.e., given the shape of some planar knot diagram and pressed 
against the table top by a pane of glass) and then the glass pane was raised 
to the height of approximately 7mm above the table. The device would then 
move very rapidly on the surface of the table, with some of its branches sliding 
along other ones, almost instantly acquiring what we call its flat mechanical 
normal form. 

Observation 3. For a small number of crossings in its original position, 
the flat mechanical knot acquires a unique flat normal form. 

Some such normal forms are shown in Figure 9. The "small number" 
here is at least 5. There are reasons to believe that it is at least ten or even 
more, but experiments were carried out systematically only for five crossings 
or less, and the total number of experiments was several hundred (rather 
than many thousands for spacial mechanical knots). 




Figure 9. Some fiat normal forms 
Note that if the initial position of the flat knot has little loops, then these 
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loops sometimes become incorporated into the normal form (increasing in 
size, as for the second normal form in Figure 8), sometimes mutually cancel 
each other as in the Whitney trick (see Figure 7). 

The physical notion of fiat mechanical knot has a mathematical counter- 
part: a flat (mathematical) knot can be defined as the equivalence class of 
all knot diagrams under the Reidemeister moves Q2 and ^3 (the destruction 
and creation of little loops, Qi, is not allowed). When two knot diagrams are 
equivalent in this sense, we will say that they are flat isotopic. Flat isotopy 
is a stronger equivalence relation than the usual ambient isotopy relation, 
nevertheless we have the following theorem. 

Theorem 1. If two ambient isotopic knot diagrams Ki and K2 have the 
same Whitney index, then they are Bat isotopic. 

Proof . By the Reidemeister lemma, there exists a sequence of Reide- 
meister moves taking Ki to K2. We will replace this sequence by another 
sequence, not involving any Qi moves, that nevertheless takes Ki to K2, in 
the following way. 

If an fli move that destroys a little loop is performed at some point, 
we do not perform it, but, instead, tighten the little loop until it becomes 
tiny (we call it a kink) and "freeze" it to the part of the diagram where it 
is located. During further moves of the diagram, the kink stays frozen to 
the diagram and moves rigidly with it as if it were simply a marked point 
on the diagram. (Actually, when that part of the diagram participates in 
moves where it crosses other parts of the diagram, the kink moves along with 
it without changing its shape, but as it does this, tiny 0,2 and Q3 moves 
involving it occur.) 

If an Qi move that creates a little loop is performed at some point, we do 
not perform this move, but carry out the Whitney trick (which only uses Q2 
and fls moves) to create two opposite little loops; one of them plays the role 
of the loop created by the Qi move, while the other is tightened and becomes 
a frozen kink (and we forget about it until the end of the construction). 

Proceeding in this way, after a finite number of O2 and moves (the old 
ones from the original sequence and the new ones - those used to mimic the 
Qi moves that create new loops and those appearing when the kinks cross 
other parts of the knot diagram), we will obtain a knot diagram K2 which 
is exactly like except that it has a certain number of kinks (little loops) 
on it. The knot diagram K'2 has the same Whitney index as Ki (because 
fl2 and fls moves do not change the Whitney index) and so, by assumption. 
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has the same Whitney index as K2 . Thus the httle loops on K2 destroy each 
other and we obtain K2 without doing any Qi moves, i.e., by means of a fiat 
isotopy. □ 

Flat knots K have two well-known invariants, the Kauffman bracket (K) 
(see, e.g., [5, p. 23-24]) and the Whitney index or winding number w{K) (see 
Sec.3 above). 

To each flat knot K, one can assign another integer invariant, its twisting 
number t{K), defined as shown in Figure 10: given a knot diagram K, we 
first transform it into an unknot by appropriate crossing changes (see, e.g., 
[5], Chapter 1), then replace that unknot by a flat ribbon, cut the ribbon and 
pull it taut (this is the well known belt trick, see, e.g., [5]); then the number of 
twists obtained (with sign specified via the "left-hand rule") is, by definition, 
t{K). As far as I know, this definition first appeared in S.Matveev's article 
[12] (see also [13]) for the particular case of the flat unknot. 




Figure 10. Definition of the twisting number 

Theorem 2. Flat knots possess the following three invariants: the Kauff- 
man bracket (K), the Whitney index w{K), and the twisting number t{K). 
Together, w{K) and t{K) constitute a complete system of invariants for flat 
unknots. 

Proof. The invariance of the Kauffman bracket is a classical lemma due 
to Kauffman (see, e.g., [5], pp. 24-25). To prove the invariance of the twisting 
number, it suffices to check that it does not change under and ^3, but 
this is a straightforward verification. The invariance of the Whitney index. 
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as well as the fact that together with the twisting number it constitutes a 
complete system of invariants for fiat unknots, was proved by Matveev in 
[12] by an elementary but tedious argument (see also [13]). □ 

Of course the algebraic classification problem for all fiat knots is more 
difficult than the same problem for classical (spacial) knots and would require 
much stronger invariants (of Vassiliev type?). 

§7. Perspectives: new knot energies for computer simulations 

The analytical specification of a knot energy mimicking the resilience of 
our little device is ongoing joint research with Oleg Karpenkov and will be 
published elsewhere. 

Here we only mention that our functional is defined for fiat knots only, 
it depends on a small parameter d in the space of smooth flat knots in R^; 
roughly speaking, the functional is based on an "unbending force" (the larger 
the curvature in the vicinity of some point, the stronger the force that tends 
to straighten out the curve near that point). For fiat knots, unlike "fat 
knots" of cross section diameter d in space, no 5-function type of repulsive 
term that does not allow different branches of the curve to be at a distance 
strictly smaller than d from each other, but allows theses branches to be at 
a distance exactly equal to d, is needed. 

However, because of Theorem 1, an energy functional for fiat knots suffices 
to determine if two knot diagrams correspond to the same knot (i.e., are 
ambient isotopic in space). To do this, compute the Whitney index of the 
two knot diagrams, add an appropriate number of httle loops to one of them 
so as to equalize their Whitney indices and then apply the energy functional; 
the given knot diagrams present the same knot if and only if the two flat 
normal forms obtained are identical. 

Of course this works only provided that the number of crossings is small 
enough to ensure uniqueness of normal forms. An optimistic prediction is 
that "small" means less than 30; if this were so, we would have a fast effective 
algorithm for comparing knot diagrams with 30 crossings or less. 

To my mind, a more interesting problem is to define other energy function- 
als that do not necessarily mimic our little device. Such functionals should 
include not only a 5-function-like repulsive term, but other terms related to 
curvature, torsion, twisting numbers, and whatnot. 

More specifically, such a functional could mimic another concrete device 
with which I have performed a series of similar experiments. This new de- 
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vice is made from a thin (~ 3mm) three-strand metalhc cable which resists 
twisting (unhke the device described in this article, it does the "belt trick"). 
The corresponding functional would involve three summands: an unbending 
term (related to local curvature), a repulsive term (related to the thickness of 
the device), and an untwisting term (related to torsion and/or the so called 
"blackboard framing" of the initial knot diagram). 
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